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Abstract 
Silverberg, A., Fields of definition for homomorphisms of abelian varieties, Journal of Pure and 
Applied Algebra 77 (1992) 253-262. 
We give results on when homomorphisms between abelian varieties are or are not defined over 
fields obtained from division points on the varieties. For example, if A and B are abelian 
varieties defined over a field F, of dimensions d and e, respectively, and L is the intersection of 
the fields F(A,, BN) for all integers N prime to the characteristic of F and greater than 2, then 
every element of Hom(A, B) is defined over L, L/F is unramified at the discrete places of good 
reduction for A x B, and [L : F] divides H(d, e), where H(d, e) is a number given by an explicit 
formula and is less than 4(9d)*d(9e)2’. 
1. Introduction 
The results in this paper were motivated by questions which arise naturally 
from some recent results on ‘adelic representations’ attached to points on Shimura 
varieties (see [9] and [lo]). If for i = 1 and 2, Q, = (Ai, Ci, O,, til, , tj,) are 
polarized abelian varieties with endomorphism and level structure (see Section 1.5 
of [61), Aut(Q,) = 1, and A is an isomorphism from Q, onto Q2, then A is defined 
over every field of definition for Q, and Q2. The main results of [9] and [lo] lead 
to the question of whether the previous sentence is true when the word ‘iso- 
morphism’ is replaced by ‘isogeny’. In this paper we show that the answer is no 
(see Proposition 5.4). However, the answer is yes if for some N Z- 3 and for i = 1 
and 2 the set {t,}:=, includes a basis for the N-torsion on A,. More generally, if 
A and B are abelian varieties, N is an integer greater than 2, and multiplication by 
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N is a separable endomorphism of A, then every element of Horn(A) B) is 
defined over every field of definition for A, B, and the N-torsion on A and B (see 
Theorem 2.4). Applications include explicit ramification and degree information 
for fields of definition for homomorphisms and endomorphisms (see Section 4). 
We will denote by Horn, End, and Aut, respectively, homomorphisms, endo- 
morphisms, and automorphisms over a universal domain over the ground field. If 
F is a field, let F” denote a fixed separable closure of F. If A is an abelian variety 
defined over F, and C is a set of points on A, then F(C) denotes the field 
obtained by adjoining to F the points of C. 
2. Fields of definition for homomorphisms 
Lemma 2.1. Suppose G is a finite group, A is a ZIG]-module which is a finitely 
generated free R-module, and N is an integer greater than 2. If u E G and 
(V - 1)A c NA, then g(A) = A for every A E A. 
Proof. LetH,={aEG:(a-l)A~NA},H,={aEG:~(A)=AforeveryAE 
A}, and H = H,/H,. View H as a subgroup of Aut(A), and let r be the Z-rank 
of A. Since H acts trivially on A lNA, its image under the projection 
map Aut(A) + Aut(A /NA) is trivial. But Aut(A) = GL,(Z), Aut(A/NA) = 
GL,(Z/NZ), and finite subgroups of GL,(Z) inject under the projection map 
GL,.(Z)+ GL,(ZINZ) h w enever N 2 3 (see [5]). Therefore, H = 1. 0 
Proposition 2.2. Suppose A and B are abelian varieties defined over afield F and N 
is an integer greater than 2. Let A = Hom(A, B), H = {aEGal(FSIF): 
v(A) = A for every A E A}, and HN = {(T E Gal(F”IF): (a - 1)A c NA}, and let FN 
be the fixed field of HN. Then H,,, = H, FN is Galois over F, and every element of 
Hom(A, B) is defined over Fn. 
Proof. Let L be the fixed field of H. Then L is Galois over F, since H is the 
kernel of the natural map from Gal(F”IF) into Aut(A). It follows from Corollary 
1 of [l, p. 2581 that if A E A, then A is defined over a finite separable extension of 
F. Since A is a finitely generated free abelian group, L is a hnite extension 
of F over which every element of A is defined, Applying Lemma 2.1 with G = 
Gal(LIF) yields H, = H and F,,, = L. 0 
The above proposition implies that for N 2 3, the field FN is independent of N 
and is the minimal extension of F over which every element of Hom(A, B) is 
defined. Write A[N] for the scheme-theoretic kernel of multiplication by N on the 
abelian variety A. 
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Proposition 2.3. Suppose A and B are abelian varieties defined over a jield F and 
N is an integer greater than 2. Let KN be the fixed field of {a E Gal(F”IF): 
a( A) = h for every A E Hom(A[N], B[N])}. Then every element ofHom(A, B) is 
defined over KN. 
Proof. Let A = Hom(A, B). The natural map A-, Hom(A[N], B[N]) induces an 
injection AlNA+Hom(A[N], B[N]), by the universal property of the scheme- 
theoretic kernel. Therefore, the field F,,, of Proposition 2.2 is contained in K,, 
and Proposition 2.3 follows from Proposition 2.2. 0 
Let A, denote the set of points on A of order dividing N. 
Theorem 2.4. Suppose A and B are abelian varieties defined over a field F, and N 
is an integer prime to the characteristic of F and greater than 2. Then every element 
of Hom(A, B) is defined over F(A,, BN). 
Proof. If char(F),/‘N, then Hom(A[N], B[N]) = Hom(A,, BN), and the field 
K,,, of Proposition 2.3 is contained in F(A,, B,,,). Theorem 2.4 then follows from 
Proposition 2.3. Cl 
3. Some formulas and bounds 
Letg,(N) = IGL,(ZINZ)(, G(n) = gcd{ g,(N): N z 3}, G(n, m, t) = gcd{ g,(N): 
(m, N) = 1, N 2 t}, and G’(n, m, t) = gcd{ g,(p): p prime, pxm, p 2 t}. Write 
GSp(n, ZlNZ) for the group of 2n by 2n symplectic similitudes (with respect to 
the standard alternating form) over ZINZ, and let h,(N) = (GSp(n, ZINZ)\, 
H(n) = gcd{ h,(N): N 2 3)) H(n, m, t) = gcd{h,(N): (m, N) = 1, N 2 t}, and 
H’(n, m, t) = gcd{ h,( p): p prime, p ,/‘m, p 2 t}. Write [ ] for the greatest integer 
function. The method of [5, pp. 215-2161 gives the following exact formulas for 
G(n) and H(n): 
Formula 3.1. If n, m, and t are positive integers and t 2 3, then 
G(n) = G(n, m, t) = G’(n, m, t) = n qrC9) , 
where the product is over primes q 5 n + 1, 
G)=[t]+T [s], and r(q)=,~o[qjc~_l)] ifqisodd. 
j=o 
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Wn) H(n) = H(n, m, t) = H’(n, m, t) = -p- . 
Since g,(p) = n::(: (p” - p’) zp”’ for primes p, we have G(n) 5 g,(3) 5 3”l. 
In fact, we will now find a constant C such that G(n) < (Cn)‘. 
Theorem 3.2. For the function G defined above, G(n) C((6.31)n)” for every 
nkl. 
Proof. Taking natural logarithms in Formula 3.1, we have 
= l%(2) ( l%( 4) n-+Cq+x (2q - 1) lo& 4) 2 - ySU+l qrn+1 q(q l? 1 
y prime y pr1mc 
~ n l%(2) 
4 
1of-d 4) 
2 +c, 
y5n+l 
4 pnmc 
+ c c2q - l> “g(q) + 2 
q5900 dq - 1)’ 
q prime 
< n 144 
i 2 +c--- log(q) + 2 
q5n+l 4 
> 
q pr,me 
by evaluation of the integral and a computer evaluation of the sum. 
As usual, define A(m) to be log(q) if m is a prime power qs and 0 otherwise, 
and let e(x) = c,,,, A(m). Another computer computation gives: 
log( 4) 
C ~<~C,*-O.7286 forallnz2000. 
ycn+1 < 
q prime 
Further, for x 2 1, 
x m5x x.,,,[;]A(m)=F+i 2 log(m) M4 0) + 1 c 
m5.x m5x 
(cl(x) <p log(x + 1) - + log(x) - 1 + log 1 + f 
( 1 
+ 
x X 
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By Section 22 of [2], 
for x 2 1 . 
The e(x) ix < 1.2183 for all x 2 2000. Therefore, for ~112000, 
log(G(n)) < n(log(n) + 1.8411) 
and consequently G(n) < ((6.31)n)“. A computer check verifies the inequality for 
all n < 2000. q 
Corollary 3.3. For the function H defined above, H(n) < 2(9n)2”. 0 
4. Degree and ramification 
Theorem 4.1. Suppose A is an abelian variety of dimension d defined over a field 
F. Let L be the intersection of the fields F(A,) for all integers N prime to the 
characteristic of F and greater than 2. Then every endomorph&m of A is defined 
over L, [L : F] divides H(d), and LIF is unramified at the discrete places of good 
reduction for A. 
Proof. By Theorem 2.4, every endomorphism of A is defined over L. There is a 
natural inclusion of Gal(F(A N) IF) in GL,,(ZlNZ) for every positive integer N. 
Further, a polarization on A defined over F and of degree D induces (via the Weil 
pairing) an inclusion of Gal(F(A,)lF) into the group of (2d by 2d) symplectic 
similitudes with respect to a nondegenerate alternating form over BINZ, when- 
ever N is relatively prime to D and char(F). Therefore, for some D, [L : F] 
divides H(d, D . char(F), 3) = H(d). For every prime p, the extension F(A,) lF is 
unramified at the discrete places outside the places of residue characteristic p or 
of bad reduction for A. By considering two primes p and q which are greater than 
2 and not equal to char(F), we see that L/F is unramified at the discrete places of 
good reduction. 0 
If F is a number field and A is an elliptic curve, then the field L of Theorem 4.1 
is F if A does not have CM (by results of Serre on images of Galois representa- 
tions) and FK if A has CM by an imaginary quadratic field K (by the main 
theorem of complex multiplication), and further, L = n,,i,,, p’po F(A,) for 
every pO 2 3. 
Theorem 4.2. Suppose A and B are abelian varieties defined over a field F, of 
dimensions d and e, respectively. Let L be the intersection of the fields F(A,, BN) 
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for all integers N prime to the characteristic of F and greater than 2. Then every 
element of Hom( A, B) is defined over L, [L : F] divides H(d)H(e), and L/F is 
unramijied at the discrete places of good reduction for A x B. 
Proof. We have F((A x B)N) = F(A,, I?,,,) = F(A,)F(B,,,). Applying again the 
method of [5, pp. 215-2161, we have gcd{h,(N)h,(N): (m, N) = 1, N 2 t} = 
H(d)H(e) whenever t 2 3. Therefore, [L : F] divides H(d)H(e). Using the natur- 
al inclusion of Hom(A, B) in End(A X B), Theorem 4.2 follows by applying 
Theorem 4.1 to A x B. q 
Lemma 3.1 of [4] showed the existence of an extension of relative degree at 
most 3’2 5 316d’ over which all the elements of Hom(A, B) are defined, when A 
and B are abelian varieties of dimension at most d, defined over a subfield of @, 
and r is the H-rank of Hom(A, B). For abelian varieties A and B defined over a 
field F, let A = Hom(A, B) and let F, be any one of the fields FN of Proposition 
2.2 (with N 2 3). By Proposition 2.2, F,, is independent of N (for N 2 3), FA is a 
finite Galois extension of F, and Fji is the minimal extension of F over which 
every element of Hom(A, B) is defined. Whenever N 2 3 and char(F) j’N we 
have F, c F(A,, BN). Let G(0) = 1. By refining the proof of Lemma 3.1 of [4] 
we have (for abelian varieties over fields of any characteristic) the following: 
Proposition 4.3. With notation as in Theorem 4.2, let r be the R-rank of 
Hom(A, B) and suppose the Z-rank of Hom,(A, B) is at least k (with 0 % k 5 r, 
k E Z). Then [F,, : F] divides G(r - k). 
Proof. View Gal(FJF) as a subgroup of Aut(AINA)sGL,(Z/NZ). Since 
Hom,(A, B) is a free Z-submodule of Hom(A, B) with torsion-free quotient, 
Hom,.(A, B) is a direct summand of Hom(A, B), and we can view Gal(F,,,IF) as 
contained in the subgroup of elements of GL,(ZlNZ) which fix the first k basis 
vectors. Writing gN,r,k for the order of this subgroup, it is easy to compute 
that gcd&,,: char(F),/‘N, N 2 3) = G(r - k), by using that gp,r,k = 
P k’r-k’(GL,_,(ZlpZ)I h w enever p is prime and 0 5 k < r. Therefore, [F,, : F] 
divides G(r - k). 0 
We remark that r 5 4 dim(A) dim(B). 
Proposition 4.4. Suppose A and B are abelian varieties of dimensions d and e, 
respectively, F is ajield of definition for A, B, and the 2-torsion on A and B, and 
s(n) = 2n + 1 + C;=. [n/2’] (54n). Then [F,, : F] divides 2s(d)+s(r), and divides 2s(d) 
if A and B are isomorphic over F. Further, if the Z-rank of Hom(A, B) is r and the 
Z-rank of HomJA, B) is at least k, then [F,, : F] divides 2r(r-k! 
Proof. Viewed as a subgroup of Aut(A/4A), Gal(F,IF) maps to the identity 
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under projection onto Aut(A l2A). Writing G,.,(N) for the subgroup of elements 
of GL,(ZINL) which fix the first k basis vectors, we can view Gal(F,/F) as a 
subgroup of the kernel of the projection map G,,,(4)+ G,,,(2); this kernel has 
order 2r(r-k). By Formula 3.1, the power of 2 dividing H(d) is s(d). The 
proposition therefore follows from Theorems 4.1 and 4.2. q 
5. Insufficient torsion 
In this section we will show that adjoining partial but not full level N structure 
does not in general give a field of definition for the homomorphisms, even when 
N is large. 
Proposition 5.1. If A is a CM abelian variety of dimension d, defined over afield F 
with a real embedding, then for every NE Z’ there are d independent points 
P N,, . . . ? P,, on A of exact order N such that there are elements of End(A) not 
defined over the field F(Pij: i E Z’, j = 1, . . . , d). 
Proof. A(R) is a d-dimensional compact commutative real Lie group. Therefore, 
the connected component of the identity of A(R) is isomorphic to (S’)d, which 
contains (Z/ NQd for every N E Z’. Let P,, , . . . , P,, be d independent points in 
A(R) of exact order N. The reflex field, being a CM-field, has no real embeddings, 
and therefore cannot be contained in the subfield F({ P,}) of Iw. However, the 
reflex field is contained in every extension of F over which every element of 
End(A) is defined [8, Proposition 30, pp. 74-751. q 
Remark 5.2. If E is an elliptic curve defined over a field F of characteristic zero, 
with complex multiplication by an order 0 in an imaginary quadratic field K not 
contained in F, then for h E B - Z, looking at the action of A on the space of 
invariant differential forms on E tells us that A, viewed as an endomorphism of E, 
is defined over KF but not over F. In particular, KF is the smallest extension of F 
over which all the endomorphisms of E are defined. 
Proposition 5.3. If 0 is an order in an imaginary quadratic field, then there exist an 
elliptic curve E, a number field F, and points P, on E of exact order N for every 
N E Z’ such that End(E) = 6, E is defined over F, and every element of 6 - Z is 
an endomorphism of E which is not defined over F(P,, P,, P,, . .). 
Proof. Let ti be a proper O-ideal such that a’ is a principal O-ideal (for 
example, we could take & = 0). Then j(a) is real (see [7, (5.4.3), p. 1241). 
Every elliptic curve with j-invariant j(d) has complex multiplication by 0 and has 
a model over Q( j(d)). Let F = Q!( j(d)). Proposition 5.3 now follows from 
Proposition 5.1 and Remark 5.2. 0 
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Proposition 5.4. If 6, E, F, and {P,,,} are as in Proposition 5.3, and { t, , . . . , t,} is 
a finite subset of { PN} which contains P, for some D > 3 (or contains P, if 6 does 
not contain a primitive cube root of unity), then Aut((E, t, , . . . , t,)) = 1 and there 
are infinitely many isogenies from (E, t, , . . . , t,) onto (E, t, , . . , t,) which are 
not defined over F(t,, . . . , t,). 
Proof. If t is a point on E of order greater than 3, or if t has order 3 and 6 does 
not contain a primitive cube root of unity, then Aut((E, t)) = 1. Therefore, 
Aut((E, t,, . . . , t,)) = 1. If M E Z+ is such that Mt, = 0 for 1 i i 5 r, then every 
element of 1 + MB fixes every point t,, and therefore every element of the infinite 
set (1 + Zt40) - Z is an isogeny from (E, t,, . . , t,) onto itself which is not 
defined over F(t, , . . . , t,). q 
From Proposition 5.4 we see that the question asked in the Introduction has a 
negative answer. Other examples where isogenies from an elliptic curve with level 
structure to itself are not defined over every field of definition for the curve and 
the points follow from the following two propositions: 
Proposition 5.5. If E is an elliptic curve defined over a number field F, with 
complex multiplication by an imaginary quadratic field K not contained in F, then 
for every N E Z+ there exists a point P E E(F) of order greater than N such that 
F(P) does not contain K. 
Proof. Take (T E Aut(C) such that CT = 1 on F but (T # 1 on K. By the Chebotarev 
density theorem, for infinitely many primes p, cr is the Frobenius of 9 for some 
prime 9’ above p in the Galois closure M of FK, and E has good reduction at the __- 
primes of F above p. Let f : A?* M, = Q, be an extension of the natural 
embedding M+ @f9. Then f embeds F into Q, but does not embed K into Q,. - 
The inclusion E(F) - + E(QP,) induces an isomorphism on the torsion E(F),,,, E 
E(QPp)tors, and reduction modulo p induces an isomorphism from the prime-to-p 
part of E(QJtors onto the prime-to-p part of &IF,). Since u # 1 on K, I? is 
supersingular at p and thus Il&lF,)[ = p + 1. Therefore, E(F),,,, has a subgroup C 
of order p + 1 such that f(F(C)) C Q,. C is a subgroup of ZlmZ X Z lnZ for some 
integers m and n. Since f(K) is not contained in Q,, K is not contained in F(C), 
and so by Theorem 2.4 and Remark 5.2, either C is cyclic of order p + 1 or 
C F 2122 x Zl((p + 1)/2)2. Therefore, there exists a point P E C of order at 
least ( p + 1) /2 such that K is not contained in F(P). Choosing p > 2N gives the 
proposition. 0 
Proposition 5.6. Suppose p is a prime, p = 3 (mod 4), F is a subfield of @ not 
containing Q(m), and E is an elliptic curve over F with complex multiplication 
by Q(m). Then for all but one quadratic twist of E, the points killed by m 
are defined over a field that does not contain Q(m). 
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Proof. Let C be the kernel of multiplication by m on E. The group C is 
defined over F. Let A : Gal(FIF)+ Aut(C) G (Z /pZ)” be given by the action of 
Gal(F/F) on C. Let C, be the kernel of multiplication by m on the twist of E 
by d E F”. Define cd : Gal(FIF)+ {?l} c (ZipZ)” so that Ed = 1 if and only 
if (T is the identity on F(a). The fixed field of the kernel of xcd is F(C,). Since 
Gal(F(C,)IF) is cyclic, there is at most one quadratic extension of F in F( C,), 
which then must be the fixed field of the kernel of x(‘-‘)‘~E~, since p = 3 (mod 4). 
This field is 0!(m) if and only if F_ = ~“-‘)‘~a~, which occurs for exactly one 
value of d modulo squares. 0 
The following proposition (inspired by the proof of Lemma 6.1 of [3]), shows 
why elliptic curves without CM cannot provide examples where the question 
asked in the Introduction has a negative answer. 
Proposition 5.7. Suppose A and B are abelian varieties de$ned over a field F, 
End(A) = Z, A is an isogeny from A onfo B, PE A(F’), Q E B(F’), 2Q #O, and 
A(P) = Q. Then A is dejined over F(P, Q). 
Proof. Since A is an isogeny, we have A-’ EHom(B, A)@Q. If uEGal(FSIF), 
then A-’ 0 a( A) E End(A) @Q. The group Gal(F’IF) acts trivially on End,(A) = 
End(A) = Z, and hence on End(A) @ Q = Q. Then q(c) = A ml 0 a( A) defines an 
element cp E H’(Gal(F”IF), 0”) = Hom(Gal(F”lF), Q”). Since A is defined over 
a finite separable extension of F, A has only finitely many conjugates, and 
therefore 40 has finite image. Since rp is a homomorphism its image must lie in the 
subgroup {-+l}, i.e., 
U(A) = + A for every u E Gal(F’/ F) . (1) 
If (T E Gal(F”IF(P, Q)) and V(A) = -A, then Q = - Q, contradicting the assump- 
tion 2Q # 0. Therefore, a(A) = A for f~ E Gal(F”IF(P, Q)), and hence A is 
defined over F( P, Q). 0 
Remark 5.8. Note that (1) implies that A has at most 2 conjugates over F, and 
therefore A is defined over an extension of F of relative degree at most 2. 
However, we already knew this, as every element of Hom(A, B) is defined over 
FA and by Proposition 4.3, [FA : F] “;r G( ) r , w h ere r = rank,Hom(A, B). Since A 
and B are isogenous and End(A) = Z, we have r = 1, and hence [F4 : F] 5 
G(1) = 2. The 2 is sharp, as can be seen by taking a non-CM elliptic curve over Q 
and its twist by any nonsquare d E Q. 
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Note added in proof 
Ken Ribet has pointed out to me that the extension LIF in Theorem 4.1 is in 
fact unramified at the discrete places of semistable reduction for A (and at the 
discrete places of semistable reduction for A x B in Theorem 4.2). If u is a 
discrete place of F of semistable reduction for A, choose distinct primes p and q 
greater than 2 and not equal to char(F) or to the residue characteristic of u. By 
the Galois criterion of semistable reduction (Proposition 3.5 on p. 350 of SGA 71, 
Lecture Notes in Mathematics, Vol. 288 (Springer, Berlin)), the inertia group for 
u acts on A, by a unipotent matrix of echelon 2, and therefore the ramification 
index at u of F(A,) over F is a power of p. Similarly for q, and therefore u is 
unramified in F(A,) fl F(A,). 
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